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Practical Information

Major news − home assignments:

• # 1: returned today: overall impression good; solution at web-

page; small review planned after break; further discussion → lab,

• # 2: to be posted on Monday, deadline one week after,

• # 4: will you have own data by mid-November? if yes, start

looking at/for them. . . (see project guidelines at homepage).

Schedule notes:

• lab review this afternoon (1-2pm, same room as before),

• note: lab tomorrow 1-5pm (extended to allow extra time for VBS

803 students).

Today’s lecture:

• lots of examples (data sets!),

• inference for one and two samples (continuous data):

i) a single sample (no assumption of known σ),1

ii) two independent samples,

iii) two dependent (paired) samples,

• inference for one and two proportions:2

∗ similar breakdown of designs as i), ii), and iii),

∗ mix of familiar z-type inference and new approaches,

• review: Summary Worksheet 8:8,9.

1 PSLS 4e: Chapters 17-18; S: Chapter 9 (parts); IPS 7e: Sections 7.1-2.
2 PSLS 4e: Chapters 19-20; S: Chapters 8-9 (parts); IPS 7e: Chapter 8.
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Outline of Statistical Analysis (revisited)

• Data description,

• Statistical model,

• Estimation of model’s unknown parameter(s),

∗ incl. confidence intervals and/or standard errors,3

• Model check:

∗ comparison of observed distribution and assumed
theoretical distribution (using estimated parameters),

∗ methods: graphical (plots) or numerical (tests),

∗ if model unsatisfactory, start over with new model,

• Hypothesis testing:

∗ formulate null hypothesis H0 (model simplification)
and alternative hypothesis Ha,

∗ test statistic and associated P -value summarize our
confidence against null hypothesis, which we may re-

ject (low P ) or not reject (high P ),

• Conclusion / Presentation:

∗ summary of test results,

∗ illustrations of the implications of the final model,
e.g. prediction.

3 Recall, that the standard error (SE) is the standard deviation in the distribution

of the estimate, and thus an indication of the estimate’s precision.
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Inference for Non-Normal Data

If data show strong / moderate deviations from normality:

• remove outliers (if any), and see if it helps,

• try to transform the data, and see if situation better for trans-

formed data,

∗ many different transformations exist, but log and square-

root are most common for right-skewed data,

∗ results from transformed scale analysis should always be

backtransformed to original scale:

− backtransformed means ∼ medians in original data,4

− for CI’s: backtransform both endpoints,

• statistical methods with no distributional assumptions

− nonparametric statistics (next lecture),

• some procedures based on normal distribution are robust (or re-

sistant), that is, work reasonably well even if assumptions are

(mildly) violated (saved by the normality of X̄ in the CLT!):

∗ difficult to know exactly what is okay and when . . .

— guidelines in PSLS/IPS5 for t-distribution6 procedures:

− n < 15: only if data close to normal (okay!),

− 15 ≤ n < 40: ok unless strong skewness or outliers,

− 40 ≤ n: also ok for clearly skewed distributions, but be-

ware of strong outliers.

4 It is more difficult to get means and SEs on original scale.
5 Discussion in S is less detailed/satisfactory: assume normality or n > 30, in

my view a very debatable guideline!
6 If σ is known, the inference is even less affected by non-normality, because it is

the procedures involving s2 that rely most strongly on the normality assumption.
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2 Paired Samples

Paired (matched, correlated) samples/observations:

• Data: (X1, Y1) . . . , (Xn, Yn) independent observation pairs:

∗ typical examples of pairs:

− same individual: left−right, before−after,

− different individuals:
twins, related or similar individuals,

∗ in experimental design terminology:

− pairs ∼ blocks (of size 2),

− observations within pairs ∼ treatments,

∗ purpose of pairs: reduce variability and impact of
other (lurking) factors,

• Model and Analysis:

∗ usually work with differences: Di = Yi −Xi,
(ratios Yi/Xi or other functions also possible),

∗ assumeD1, . . . , Dn sample from distribution (µD, σD),
where

µD = EDi = EYi − EXi,

∗ hypothesis H0: µD = 0
∼ no difference between (means of) X ’s and Y ’s,

∗ all methods for single sample inference apply!
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2 Paired Samples: Visual Receptive Field

• Data: Neuron’s activity (# spikes/sec) at 9 recordings
of both Spontaneous activity (SA) and Response (R),

Recording (i) SA (Xi) R (Yi) Difference (Di)

1 2.5 16.7 14.2

2 7.5 20.0 12.5

. . . . . . . . . . . .

9 17.5 10.0 -7.5

• Model: one sample (i.i.d.) of differences D1, . . . , D9 as-
sumed to follow N(µD, σD), where µD=µY −µX is the
parameter of principal interest,

• Estimation: µ̂D=D̄=16.87, σ̂D=sD=16.40,

• 95% Confidence interval for µD:

D̄±t∗sD/
√
n = 16.87±2.306·16.40/

√
9 = 16.87±12.61,

• Test of H0: µD = 0 (corresponding to µY =µX) against
alternative Ha: µD > 0 (corresp. to µY > µX):

∗ test statistic: t =
D̄ − 0

sD/
√
n
=

16.87

16.40/
√
9
= 3.09,

∗ P -value from t distribution with df=8:

P = P(t(8) > 3.09) = 0.007, 7

∗ conclusion: clearly significant difference between neu-
ral activity at SA and R, and higher R activity.

7 The t(8)-distribution table has t.99(8) = 2.896 and t.995(8) = 3.355, from which

we would conclude that: 0.005 < P < 0.01.
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2 Independent Samples − Introduction

Two-sample setting:

• Data:
X1, . . . , Xn1 ∼ first sample, of size n1,

Y1, . . . , Yn2 ∼ second sample, of size n2.

• Model: all observations independent, and the X ’s and
Y ’s are samples from separate distributions,

• typical example: treatment and control groups, e.g.
study on parasite burdens in Lithuanian calves,

• how to distinguish from paired samples?

∗ not necessarily the same number of observations (pos-
sibly n1 6= n2),

∗ no relation between X1 and Y1, X2 and Y2, etc.

∗ the X ’s are interchangable (“replications”), and the
same for the Y ’s.

Overview of inference for mean difference µ1−µ2, based on
normal distributions:

• assumptions: normal distributions N(µ1, σ1) and N(µ2, σ2)
for the two samples, with all parameters unknown,

• slightly different procedures depending on whether

(1) σ1 6= σ2 (general situation8).

(2) σ1 = σ2 (simplest; often unrealistic assumption),9

8 Without a specific assumption about the σ’s: we could have σ1 = σ2 or σ1 6= σ2.
9 Not part of VHM 801 syllabus; PSLS/S avoid this (“pooled variance”) method.
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2 Independent Samples − Equal Variances

• models: 1st sample: N(µ1, σ1), 2
nd sample: N(µ2, σ2),

• assume σ1 = σ2 = σ, based on judgement10 or test11,

• estimation of means:

µ̂1 = X̄ ∼ N(µ1, σ/
√
n1), µ̂2 = Ȳ ∼ N(µ2, σ/

√
n2)

• estimation of σ (from s1 and s2 in X- and Y -samples):

s2 =
(n1−1)s21 + (n2−1)s22

n1 + n2−2
and σ̂ = s =

√
s2,

— “pooled” s2: a weighted average of s21 and s22,

• standard error of mean difference: sX̄−Ȳ = s
√

1
n1
+ 1

n2
,

• degrees of freedom: df = (n1−1)+(n2−1) = n1+n2−2,
• confidence interval of level (1−α) for µ1−µ2:

µ1−µ2 : X̄−Ȳ ± t∗s
√

1
n1
+ 1

n2
, t∗ = t1−α/2(df)

• test of H0: µ1 = µ2 against alternatives Ha,

∗ test statistic: t = (X̄−Ȳ )/
(

s
√

1
n1
+ 1

n2

)

,

∗ P -value from t distribution:

− Ha: µ1 6= µ2: P = 2× P(t(df) > |tobs|),
− Ha: µ1 > µ2: P = P(t(df) > tobs),

• note similarities with 1-sample procedures.
10 PSLS/IPS guideline for assuming equal standand deviations: smax/smin ≤ 2.
11 Variance tests (especially Bartlett’s test) are overly sensitive to non-normality.
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2 Independent Samples − General

Similar procedure − changes in sX̄−Ȳ and df:

• no assumption of σ1 = σ2: ⇒ more general procedure
(also applicable when σ1 ≈ σ2),

• estimation of means and standard deviations:
separately for each sample: X̄, s1, Ȳ , s2,

• standard error of mean difference: sX̄−Ȳ =
√

s21
n1
+

s22
n2

,

• degrees of freedom − two approaches:

∗ conservative (too low/“safe”) df: min(n1−1, n2−1),

∗ approximate with “terrible” formulae12, but approx-
imations generally considered good,

• confidence interval of level (1−α) for µ1−µ2:

µ1−µ2 : X̄−Ȳ ± t∗
√

s21
n1
+

s22
n2
, t∗ = t1−α/2(df)

• test of H0: µ1 = µ2 against alternatives Ha:

∗ test statistic: t = (X̄−Ȳ )/
√

s21
n1
+

s22
n2

,

∗ P -value from t distribution:

− Ha: µ1 6= µ2: P = 2× P(t(df) > |tobs|),
− Ha: µ1 > µ2: P = P(t(df) > tobs).

12 Minitab uses Satterthwaite method, Stata/R use Welch method; both ok to

use.
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2 Independent Samples: Parasite Data

• Data: n1 = 10 and n2 = 9 parasite counts of calves on
infected (X) and safe (Y ) pasture,

• Model: two independent samples (i.i.d.) from N(µ1, σ1)
and N(µ2, σ2), respectively,

• Estimation: µ̂1=X̄=51.2, σ̂1=s1=24.0, and
µ̂2= Ȳ =23.8, σ̂2=s2=17.6,

• some difference in estimated standard deviations, so we
are not going to assume that σ1 = σ2,

• Confidence interval with confidence level 95%:

µ1−µ2 : X̄−Ȳ ± t∗
√

s21/n1+s22/n2,

= 27.4± 2.12
√

24.02/10+17.62/9 = 27.4± 20.3,

where t∗ = t.975(16) = 2.12 (df computed by software),

• Test of H0: µ1 = µ2 against alternative Ha: µ1 6= µ2:

∗ test statistic: t =
X̄ − Ȳ

√

s21/n1 + s22/n2

= 2.86,

∗ approximateP -value from t distribution with df=16:

P = 2× P(t(df) > 2.86) = 0.011.

∗ conclusion: significant difference between parasite
burdens on infected and safe pastures; that is, para-
site levels are lower on safe pasture.
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Inference for Proportions − Overview

Basic assumption: binomial setting
⇒ binomial distrib. B(n, p) for number of “successes”,
where n=number of “trials” and p=probability of success.

Same 3 fundamental designs:

• one sample — one binomial distribution, parameter of
interest is p,

• two independent samples — two binomial distributions,
parameter of interest here is p1 − p2,

• two paired samples — not in textbooks, but discussed
as a sign test (Session 8).13

Statistical inference:

• estimation: always use sample proportions,

• several approaches for confidence intervals:

∗ classical14 approx. of B(n, p) by N(np,
√

np(1− p)),

∗ “plus four” (Wilson) adjustment of classical approach,

∗ “exact” based on binomial distrib. (only 1 sample),

• several approaches for tests:

∗ classical14 z-test approximation,

∗ exact based on binomial or other distributions.
13 Two paired samples often lead to McNemar’s test or to κ (kappa)-calculations.
14 “Classical” refers to methods based on the standard normal (z) distribution.
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Choice of Method for Proportions

Issue: several methods exist for both CI and test across all
designs ⇒ we need guidelines to choose a good method.

Principle: choice of method should be based on data di-
mensions, with separate guidelines for different inferential
procedures (CI and test) and for different designs.

PSLS guidelines:15

Design Method Conditions (all must be met)
1-sample classical CI np̂ ≥ 15; n(1−p̂) ≥ 15
(n, p̂) “plus four” CI n ≥ 10

“exact” CI no conditions
H0 : p = p0 z-test np0 ≥ 10; n(1−p0) ≥ 10

exact test no conditions
2-sample indep. classical CI n1p̂1 ≥ 10; n1(1−p̂1) ≥ 10;
(n1, p̂1, n2, p̂2) n2p̂2 ≥ 10; n2(1−p̂2) ≥ 10

“plus four” CI n1 ≥ 5; n2 ≥ 5
H0 : p1 = p2 z-test n1p̂ ≥ 5; n1(1−p̂) ≥ 5;
(combined p̂) n2p̂ ≥ 5; n2(1−p̂) ≥ 5

exact test no conditions

∗ np̂ ∼ no. of positives; n(1−p̂) ∼ no. of negatives,

∗ 1-sample exact procedures are based on binomial dis-
tribution; CI is conservative (not exact); test is exact,

∗ 2-sample Fisher’s exact test not in textbooks (Sesssion 9).
15 Same guidelines as in IPS 7e; coverage in S is too limited to be of practical use.
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Inference for 1 Proportion − Details

• Data: X = number of “successes” in a binomial setting.

• Model: X ∼ B(n, p).

• Estimation: p̂ = X/n, SEp̂ =
√

p̂(1−p̂)/n.

• Confidence intervals for p with confidence level 1−α:

∗ classical approx.: p̂± z∗ SEp̂, z∗ = z1−α/2,

∗ plus four approx.: p̃±z∗ SEp̃ (same formula, but add
2 successes and 2 failures!; Agresti & Coull, 1998),

∗ “exact”16: based on binomial distribution (software),

recommendations: exact : always conservative (too wide);
classical : may be very poor (too narrow) in small sam-
ples; plus four : generally good approximation,

• Test of H0: p = p0 (where p0 is a known value), against
either one- or two-sided alternative Ha,

∗ classical, approximate z-test:
z = (p̂−p0)/

√

p0(1−p0)/n ≈ N(0,1) under H0,

∗ exact: based on binomial distribution, e.g.,

− Ha: p > p0: P = P(X≥Xobs),

− Ha: p 6= p0: P = 2 min{P(X≥Xobs),P(X≤Xobs)},17

recommendations: exact generally preferable, however
classical almost the same in large samples.

16 Also referred to as the Clopper-Pearson CI/method.
17 Other formulae exist, but this is the simplest one; see Exercise 8.85 (solution).
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1 Proportion: Aphid Drops

Aphid landings on their feet or back:18

• Data: 19 out of 20 aphids dropped at height 20 cm
landed on their feet,

• Model: binomial setting ∼ B(20, p), where p = proba-
bility of feet landing,

• Estimation: p̂=19/20=0.95, SEp̂=
√

0.95·0.05
20 =0.049,

• 95% CI for p:

∗ classical: 0.95± 1.96× 0.049 = (0.854, 1.046),

∗ plus four: 0.875± 1.96× 0.068 = (0.743, 1.007),19

∗ “exact” (Minitab/Stata): (0.751, 0.999),

• Test of H0: p = 0.5 against Ha: p > 0.5:

∗ classical: z = (0.95− 0.5)/
√

0.5(1−0.5)
20

= 4.025,

and P = P (Z > 4.025) = .000028,

∗ exact using B(20, 0.5) and software/formula:

P = P (X ≥ 19) = P (X=19)+P (X=20) = .000020,

• Conclusion: clear evidence of non-random landings.

Conclusions on methodology:

• “plus four” and exact CIs similar and preferable,

• exact test preferable (but z-test not too far off).
18 Pea aphids drops were videotaped after release; Ribak et al. (2013), Current

Biology 23, R102-103; Example 19.6 of PSLS 4e.
19 p̃ = (19+2)/(20+4) = 0.875, and SE(p̃) =

√

0.875(1−0.875)/24 = 0.068.
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Inference for 2 Independent Proportions

• Data: X and Y = number of “successes” in two inde-
pendent binomial settings.

• Model: X ∼ B(n1, p1) and Y ∼ B(n2, p2), X and Y
independent,

• Estimation:

p̂1 = X/n1, p̂2 = Y/n2, D = p̂1 − p̂2,

SED =
√

p̂1(1−p̂1)/n1 + p̂2(1−p̂2)/n2.

• Confidence interval for p1−p2 with conf. level 1−α:

∗ classical approx.: p̂1 − p̂2 ± z∗ SED, z∗ = z1−α/2,

∗ plus four approx.: p̃1 − p̃2 ± z∗ SED̃ (same formula,
but add 1 success and 1 failure in each sample!),

recommendations: classical : may be very poor in small
samples; plus four : generally good approximation,

• Test (approximate) of H0: p1 = p2 (= p), against either
one- or two-sided alternative Ha,

∗ estimate common value p: p̂ = (X + Y )/(n1 + n2)
− total number of successes / total number of trials,

∗ “pooled” standard error under H0:

SEDp =
√

p̂(1−p̂) ( 1
n1
+ 1

n2
)

∗ test statistic: z = (D − 0)/SEDp = (p̂1−p̂2)/SEDp,

∗ P -values from N(0,1) the usual way.
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2 Indep. Proportions: Echinacea for Common Cold

Development of cold in Echinacea and control groups:20

• Data: after exposure, 88 out of 103 persons in control group, and

44 out of 48 in a treatment group developed a cold,

• Estimation:
tx : p̂1 = 44/48 = 0.917, SEp̂1 = 0.040,

control : p̂2 = 88/103 = 0.854, SEp̂2 = 0.035,

diff : p̂1 − p̂2 = 0.062, SEp̂1−p̂2 = 0.053,

p̃1 − p̃2 = 0.052, SEp̃1−p̃2 = 0.055, 21

• 95% CI for p1−p2:

∗ classical: 0.062± 1.96× 0.053 = (−0.041, 0.166),

∗ plus four: 0.052± 1.96× 0.055 = (−0.056, 0.160),

• Test of H0: p1 = p2 against Ha: p1 6= p2:

∗ classical: z = (p̂1 − p̂2)/SEDp
= 0.062/0.058 = 1.075,22 and

P = 2× P (Z > 1.075) = 0.282,

∗ alternative methods → Session 9.

Conclusions:

• only little difference between confidence intervals despite violation

of guideline for classical method,

• P -value so large that we can be confident there is no evidence

against H0 (despite violation of guideline); observed effect is in

the opposite direction of what one might have hoped.
20 Experimental study on efficacy of Echinacea product against common cold;

Turner et al. (2005), New England J. Med. 353, 341-348.; PSLS 4e Exercise 20.3.
21 Calculations: p̃1 = (44+1)/(48+2) = 0.90; p̃2 = (88+1)/(103+2) = 0.8476,

and SE(p̃1 − p̃2) =
√

(0.90 · (1−0.90)/50+ 0.8476 · (1−0.8476)/105 = 0.055.
22 Calculations: SEDp

=
√

0.874(1−0.874)(1/48+ 1/103)= 0.058, where pooled

p̂=(44+88)/(48+103)=0.874.
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Exercise 7.40

Identify statistical design as either (1) single sample, (2)
matched pairs (paired sample) or (3) two independent sam-
ples:

(a) two independent samples, because different groups of
children and only one score from each child; the before
versus after element is not part of the data collection,

(b) two paired samples, because two scores are collected
from each child, in random order; nor is the before ver-
sus after element part of the data collection here,

(c) one sample, because only one sample (of 20 measure-
ments) is taken,

(d) two independent samples, because there is no connection
between the measurements taken with the new and old
method.

What about a slight variation of the design where 10
samples are taken from the specimen and each is ana-
lyzed with both the new and old method?
That would be two paired samples.
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Notes on Home Assignment I

Overall impression: good — and marks in high range (8−10).

Main stumbling points:

• assessment of normality:

∗ the histogram and simple descriptive stats are helpful, but

difficult to reach definitive conclusions from,

∗ a normal probability plot (with confidence bands) and/or nor-

mality test are the recommended approaches,

• randomization of fish with unknown total sample size:

∗ the total sample size should not be part of your scheme. . . ,

∗ the actual counts per vaccine will be random, so one random-

ization does not tell us about expected means and spread,

∗ systematic allocation (e.g. looping) is easily critiqued,

∗ the solution explains four possible randomization schemes.

Some conceptual issues:

• (nominal) categorical variables should not be presented with statis-

tics and graphs for quantitative variables,

• be careful with the term “significant” unless in the context of a

statistical test,

• if you use methods beyond the course (e.g. outlier tests), these

must be explained and interpreted carefully in order to count,

• some dangers in the logic involving distributions and their shape:

∗ symmetrical ⇒ mean ≈ median (but not in reverse!),

∗ normal ⇒ symmetrical (but not in reverse!).
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Summary Notes

Key words and concepts:

• designs involving 1 and 2 samples (any distribution):

∗ 1-sample, 2 independent samples, 2 paired (depen-
dent, correlated) samples,

∗ 2 paired samples → 1-sample for differences,

• choice of method/assumption for 2 independent normal
distribution samples:

∗ equal variances assumed: pooled variance estimate,
ratio of standard deviations ≥ 2 rule,

∗ no variance assumption: df determined by software,

• proportion data modelled by binomial distributions,

• CI methods for proportions:

∗ classical (based on z-distribution), “plus four”, “ex-
act” (1-sample only),

∗ choice between methods based on n and p̂,

• test methods for proportions:

∗ classical (based on z-distribution), exact (based on
binomial or other distributions),

∗ choice between methods based on n and p̂.
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