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INTRODUCTION TO LOGISTIC REGRESSION

Logistic regression:

e binary (0/1, dichotomous) outcomes, possibly grouped
to binomial outcomes (e.g., 3 positive out of 10 animals),

e first of several regression-type models not relying on
normal distribution assumptions,

* sometimes called generalised linear models (glm’s),

x model building from the predictors similar to linear
regression,

x some common features in their analysis that distin-
guish them from linear regression analysis.

Today’s session:

e predictions, in particular using margins command (Stata),
e brief review/discussion of VER Exercise 14.3,

e review of simple logistic regression (one predictor) and
its relation to known analyses, in particular 2 x 2-table
analysis,

e computer-assisted using Stata (good facilities available,

superior to many simpler programs, e.g. Minitab).

VER/MER textbooks:

e today: 16.1—5+8 with some omissions (in next lecture).

e maybe also check Chapter 28 of VHM 801 textbook.
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EXAMPLE DATASET MICE

Toxicity study of dose-response curve (Woodward 1941):

e lethality of different doses of chloracetic acid, measured
as the mortality among 10 mice subjected to each dose,

group dose |# mice died # mice total prop. died
1 €T; T Nz ﬁz:Tz/Nz 10g1t(ﬁl)
1 0.0794 1 10 0.1 -2.197
2 0.1000 2 10 0.2 -1.386
3 0.1259 1 10 0.1 -2.197
4 0.1413 0 10 0.0 undef.
5 0.1500 1 10 0.1 -2.197
6 0.1588 2 10 0.2 -1.386
7 0.1778 4 10 0.4 -0.405
g 0.1995 ) 10 0.6 0.405
9 0.2239 4 10 0.4 -0.405
10 0.2512 5 10 0.5 0
11 0.2818 5) 10 0.5 0
12 0.3162 8 10 0.8 1.386
e grouped binary data, 17 pi
e statistical model: 0.8 *
r; ~ Bin(NV;, p;), and 06 x
r1,...,7r19 independent, *ox
0.4 * ok
e parameters: pi, ..., P12
(prob. of death in groups), 0.2 L
e (uestion: . 0 0.1 ' 02 0.3
how to use the doses? dose
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WHY NOT LINEAR REGRESSION?

Regression for binary outcomes (Y; =0 or Y; = 1)
Yi= 0o+ bizri + ...+ Opp + €,

conflicts with the model assumptions:

(1) errors €; are far from normally distributed (can only
take two possible values!),

(2) with p; = P(Y; = 1), we have Var(Y;) = pi(1 — p;),
which is not constant when p; is modelled by predictors,
(3) both Y; and p; are bounded (do not go beyond 0 and 1)

but linear predictions by the z-variables can easily give
predictions outside the interval.

Regression for grouped binary outcomes (proportions r; /N;)

e same problems (1)—(3), although (1) is less severe,

e transformation is a possibility, usually with variance-
stabilising transformation:

Y; = arcsin(y/r;/N;), arcsin = inverse sine function,
— however, not recommended unless

x the denominators N, are all “large” and approxi-
mately the same,

% the prop.’s r;/IN; are not too extreme (close to 0 or 1),

and usually offers no advantages over logistic regression.

1 Possible values for the error of obs. i are ; = 1 — (By + fiz1i + - - - + OeTri),
and g; = —(50 + Gixy; 4+ ...+ ﬁkxkl)
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LOGIT TRANSFORMATION

Define for 0 < p < 1 and any b,
B el 1
o l4eb 14e?]

logit(p) = In (%) and logit™'(b)
— D

e the logit function stretches the interval (0,1), excl. end-
points!, onto the entire real axis (from —oo to 00),

o logit(%) =0, and logit(p) is increasing in p,

e with odds(p) = &, we have logit(p) = In(odds(p)),

e logit and inverse logit functions:

| logit(p) = In (1%)

0. ........................... :
_ 9]
—4] 5
3 p
0 0.25 0.5 0.75 1
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LOGISTIC REGRESSION MODEL

= a different transformation approach:

e keep observations (binary/grouped binary) untransformed,

e transform probability parameter p by logit function to
logit scale where linear modelling takes place, e.g.

In ( = ) = logit(p;) = Bo + Siz1;, (1)

1 —p;
where
pi = P(}/Z — 1)7
1 “success” .
Y, = { 0 “bailure” fore=1,...,n,

x; = predictor variable for observation 1.

Model assumptions:

e independence of all the observations (Y;'s),

e linearity of relation (1) on logit scale.?

Grouped binary data (with N; repl. in ith group)

e cquation (1) for p; = prob. of “success” in group 1,

e same model as if set up as binary data (with n = ) . N;).

Multiple logistic regression model for predictors x1,. ..,z
logit(p;) = Bo + Bix1i + ... + Brs.

2 For a single predictor model, the linearity assumption applies only to the case
where x; is continuous.
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LOGISTIC REGRESSION FOR MICE DATA

Estimates (with SE):
By = —3.57(0.71),
By = 14.64 (3.33).

T@St of H() 61 =

zZ = 51/8]3(61) = 4 39
very sign. in N(0,1)

= strong effect of dose.

Estlmated line:

By + B - dose
— on logit-scale.

Estimated curve p(x):

logit™ (ﬁo + [ - dose)
— on probability-scale.

Test of model:
(goodness-of-fit test)
X2 =874 P =056

+ loglt(p;)
21 — logit(p(x))
1_
O_
1
_9
0

0 01 02 03
= no lack of fit (model ok). dose

Interpretation of 31: change in dose of a units =

e change in logit(p) of a3, units,

e change in odds(p) by factor exp(aB) ( = odds-ratio),
where odds(p)=p/(1—p).
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2 X 2—TABLE ANALYSIS

Mice data: outcome = mortality, explanatory = dichotomous version
of dose (for illustration only):

dose>0.16

dead 1 0 | Total
1 32 7 39
0 28 53 81

Total | 60 60 120

Statistical model (with binary dose predictor):
two binomial distributions Bin(60, p;) and Bin(60, py),
— analyzed in VHM 801 by computing:
P = 32/60 = 0.533, SE(p1) = /p1(1—p1)/60 = 0.0644,
po = 7/60=0.117, SE(py) = /Po(1—po)/60 = 0.0414,
P —po = 0.533 —0.117 = 0.417, SE = +/0.06442 + 0.04142 = 0.077.

Alternative ways of comparing the probabilities p; and py:
relative risk : RR = p1/py = 0.533/0.117 = 4.57,
odds-ratio : OR = odds(p1)/odds(pg) = [p1/(1—p1)]/ [Po/(1—po)]
= [0.533/(1—0.533)] /[0.117/(1—0.117)]
= 1.143/0.132 = 8.653 = (32 - 53) /(28 - 7).

Advantages of these statistics (over the simple p;—py):

e multiplicative effects are more meaningful than additive effects
for proportions bounded by 0 and 1,

e when both probabilities “close” to zero: OR ~ RR
(clearly not the case in the example),

e both statistics more useful than (p; —pg) when multiple factors
studied simultaneously.
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2 x 2—TABLE AND LOGISTIC REGRESSION

Mice data: (same as on previous slide):
outcome = mortality, predictor = dose2 (dichotomous ver-
sion of dose):

dose2 = (dose>0.16)
dead 1 0 Total
1 32 7 39
0 28 H3 81
Total 60 60 120

Logistic regression model with dose2 as predictor:

logit(p;) = o + Bidose2;,
gives the estimates
3 = 2.158 = In(8.653) = In(OR),
By = —2.024 = logit(0.117) = logit(po).

Interpretations (valid also in multiple logistic regression):

e odds-ratio for effect of dose2 = o = 2158 — 8.653,
e baseline prob. = logit™(3,) = logit ™ (—2.024) = 0.117.

Summary:
The 2 x 2-table analysis and the logistic regression analysis
are equivalent (also, the P-values are similar?).

8 The likelihood-ratio tests (next lecture) of the two models are identical.
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LINEAR VS. LOGISTIC MODELLING

Linear regression Logistic regression

logit(p)

Model: 3/@ = 5() + 61332' + &; Model: 10glt(pz> = 6() + 61372'

where g;'s ~ N(0,0?) where p; = P(Y;=1)
Factorial design Logistic factorial design
Y .+ By logit(p) . B,
<. B S B
. B B
- - - — treatm : : : — treat
AL Ay Ay A A A Ay A
Model: Model:
Y;j = U+ o+ ﬁj + Eij 1ogit(pij) = U+ o+ ﬁj
where ¢;;'s ~ N(0,6?%) where p;; = P(Y;;=1)
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